Some differential properties of GL n (R) with the trace metric .
Introduction
The so-called trace metric g: g A (V, W ) = tr(A −1 V A −1 W ) for any A ∈ GL n and any V, W ∈ T A (GL n ) (tr indicates the trace of a matrix) induces a SemiRiemannian structure on GL n = GL n (R). The metric g is often studied in the context of positive definite real matrices on which it defines a structure of Riemannian manifold. The geometry of the Riemannian manifold of positive definite real matrices has recently been object of interest in different frameworks. We refer the reader for instance to [9] Ch.XII, [10] , [1] , [3] §2, [2] Ch.6, [11] for more details and further information on this subject. In particular geodesic arcs between two positive definite matrices have been studied in details, because their middle point is their expected geometric mean. Of course existence, uniqueness and explicit descriptions of geodesics have a fundamental role in this setting and are reached in many ways: for instance as consequences of an exponential increasing metric property (see for instance [3] , [2] Ch.6) or as solutions of the second-order differential equation P = 0 with certain initial data (see [11] Sec.3.5).
This research was partially supported by MIUR-PRIN: "Varietà reali e complesse: geometria, topologia e analisi armonica"
In this note we generalize some arguments used in the second approach and prove that (GL n , g) is Semi-Riemannian with signature ( n(n + 1) 2 , n(n − 1) 2 ) (Proposition 1.1), whose connected components, (GL + n , g) and (GL − n , g), are symmetric manifolds (Proposition 1.2). The characterization of geodesics of (GL n , g) is in Theorem 2.1, where also the Levi-Civita connection is described. As in the case of positive definite matrices of [11] , the geodesics are solutions of the previous differential equation. Moreover geodesic arcs between two points K 0 and K 1 of GL n correspond to real solutions of the exponential matricial equation exp(X) = K −1 0 K 1 (Corollary 2.2) and so we are able to translate the existence of these geodesic arcs in Theorem 2.2 in terms of Jordan form of K −1 0 K 1 by means of [4] . In particular any two points of GL n can be always joined by a geodesic arc or by a singly broken geodesic arc (Proposition 2.2). When the geodesic arc is unique, we give its explicit expression (Proposition 2.1). By the way we observe that the LeviCivita connection of (GL n , g) is the Cartan-Schouten (0)-connection of GL n (Corollary 2.1). Afterwards we compute the Riemann curvature tensors of type (1, 3) and of type (0, 4) and the sectional curvature (Proposition 3.1) and also the Ricci curvature and the scalar curvature of (GL n , g) (Proposition 3.2). Finally we focus our attention on SL n (R) = SL n , where the metric g sets up a structure of Einstein, symmetric, totally geodesic, Semi-Riemannian submanifold of (GL n , g) (Propositions 4.1, 4.2 and 4.3) and we show that GL n has a foliation, whose leaves are Einstein, symmetric, geodesically complete, totally geodesic, Semi-Riemannian submanifolds and isometric to (SL n , g) (Theorem 4.1) and furthermore we show that its component of matrices with positive determinant is isometric to the Semi-Riemannian product manifold (SL n ×R, g×h) where h is the euclidean metric on R (Theorem 4.2). Similar situations seem to appear even in case of some particular submanifolds of (GL n , g). These are the subject of further works currently in preparation. We refer to [12] for all standard facts on Semi-Riemannian manifolds and in particular for notions and notations not explicitally recalled here and also to [6] for Riemannian symmetric spaces, while we refer to [7] and to [8] for standard facts about matrices and exponential function.
1 -The Semi-Riemannian manifold GL n (R) D e f i n i t i o n 1.1. A Semi-Riemannian manifold (M, g) is a smooth real manifold M endowed with a metric tensor g, i.e. a symmetric nondegenerate (0, 2) tensor field g of constant signature. R e m a r k 1.1. If g is simply supposed to be a symmetric C ∞ -tensor of type (0, 2) on M and M is supposed to be homogeneous, i.e. for every p 1 , p 2 ∈ M there is a diffeomorphism F : M → M with F (p 1 ) = p 2 and preserving g, then g is nondegenerate (i.e. it is a Semi-Riemannian metric) if and only if it is so at one point. N o t a t i o n s 1.1. We denote by M n = M n (R) and GL n = GL n (R) respectively the vector space of real square matrices of order n and the multiplicative group of nondegenerate matrices in M n . GL n is a Lie group of dimension n 2 with two connected components, depending on their determinant: GL + n and GL − n . M n is the Lie algebra of GL n and the tangent space of GL n at A ∈ GL n is T A (GL n ) = M n . SL n is the connected Lie subgroup of GL n of matrices with determinant 1 and we put SL n (c) = {M ∈ GL n / det(M ) = c} for any c ∈ R \ {0}. S n and A n are the vector subspaces of M n of symmetric and skew symmetric matrices respectively. As usual I = I n is the identity matrix, [A, B] = AB − BA for any A, B ∈ M n and also [ 
tr indicates the trace of a matrix). This tensor induces a metric, called also trace metric, often considered in the context of positive definite real matrices on which it defines the structure of Riemannian manifold (see for instance [9] Ch.XII, [3] §2, [2] Ch.6, [11] §3). From now on, g will indicate this tensor.
P r o o f. Let us consider the left translation L G : GL n → GL n , X → GX and the right translation R G : GL n → GL n , X → XG and prove that both preserve the tensor g for every G ∈ GL n . Indeed L G and R G are both linear, hence (DL G ) A = L G and (DR G ) A = R G at each point A ∈ GL n . Therefore for any A ∈ GL n and any V, W ∈ M n we have:
and analogously:
The invariance of g under left and right translations implies that both translations are isometries. This allows to deduce that (GL n , g) is a homogeneous manifold: if A, B are in GL n , then, for instance, the left translation L BA −1 preserves the tensor g and maps A to B. Hence to conclude, by Remark 1.1, it is sufficient to argue for the single point I = I n . First we note that g I : M n × M n → R is obviously a symmmetric bilinear form. Now let V be a matrix such that g I (V, W ) = tr(V W ) = 0 for every matrix W ∈ M n . For W = V T (the transpose of V ) we get tr(V V T ) = 0, this suffices to get V = 0, so g I is nondegenerate.
For any S ∈ S n and any A ∈ A n we have g I (S, A) = 0. Indeed g I (S, A) = tr(SA) = tr((SA) T ) = tr(A T S T ) = −tr(AS) = −tr(SA) = −g I (S, A). Moreover it is easy to check that g I (S, S) ≥ 0 with equality if and only if S = 0 and that g I (A, A) ≤ 0 with equality if and only if A = 0. This gives that the restriction g I | Sn×Sn is positive definite, that the restriction g I | An×An is negative definite and that S n and A n are orthogonal with respect to g I . Now
M n = S n ⊕ A n , hence it follows that the index of positivity of g I is n(n + 1) 2
(the dimension of S n ) and its index of negativity is n(n − 1) 2 (the dimension of
R e m a r k 1.2. As both left and right translations are isometries of (GL n , g), so all their compositions are; in particular:
. Now let us denote by ϕ : GL n → GL n the inversion map, i.e. ϕ(A) = A −1 ; ϕ is a diffeomorphism of GL n onto itself with ϕ 2 = Id GLn and differential (Dϕ) A (V ) = −A −1 V A −1 for any A ∈ GL n and any V ∈ M n . Therefore we have:
Hence also ϕ is an isometry of (GL n , g). Let us denote by τ : GL n → GL n the transposition, i.e. τ (A) = A T ; also τ is a diffeormorphism of GL n onto itself with τ 2 = Id GLn and it is an isometry. Indeed its differential is τ itself being linear and, after denoting by
Note that the symmetric nondegenerate matrices are the fixed points of the isometry τ on GL n . Finally we recall that a Semi-Riemannian (globally) symmetric space is a connected Semi-Riemannian manifold M such that for each p ∈ M there is a (unique) isometry ζ p : M → M with differential map −id on T p M and fixing p. (1) has been proved in the previous remark. For (2) : for every
, where p ij indicates the the (i, j)-entry of P . We denote by {E ij }, 1 ≤ i, j ≤ n, the standard basis of M n , where E ij ∈ M n is the matrix whose entries are 0 except for the (i, j)-entry which is 1. After reordering, {E ij } can be rewritten as {E α }, 1 ≤ α ≤ n 2 , just following the columns one after another. Hence we can write P = α p α E α with p α ∈ R.
The p α , 1 ≤ α ≤ n 2 are natural coordinates on the whole GL n and (
runs over an open subset of R n 2 . M n is the tangent space to GL n at each point, hence we can identify E α with ∂ ∂p α for any α = 1, · · · , n 2 .
Y α E α are tangent vector fields of class C ∞ on GL n , we can define a new tangent vector field of class C ∞ on GL n : the euclidean derivative of the field Y along the field X and indicated by X(Y ), by
T h e o r e m 2.1. 1) Let ∇ be the Levi-Civita connection of (GL n , g). If X and Y are tangent vector fields of class C ∞ on GL n , then
for any P ∈ GL n , where X(Y ) is the euclidean derivative of Y with respect to X.
2) Let P = P (t) be a C ∞ -curve on (GL n , g), then P is a geodesic if and only if
where .
P and
..
P are the first and the second derivative of P with respect to t.
3) The geodesics of (GL n , g) are precisely the curves of the type:
) is a geodesically complete Semi-Riemannian manifold. P r o o f. In this proof we generalize the arguments developed by [11] §3, in case of positive definite matrices. We indicate by g αβ = g αβ (p 1 , · · · , p n 2 ) = g P (E α , E β ) the components of the metric tensor g with respect to the euclidean coordinates (p 1 , · · · , p n 2 ) and by
2 ) the entries of the inverse of the matrix (g αβ ) which is invertible at any point, because the metric g is nondegenerate on GL n . Hence we have:
. Now let ∇ be the Levi-Civita connection associated to the Semi-Riemannian metric g. To simplify the notations we omit the index P . We have:
Claim 1. For any α, β, γ ∈ {1, · · · , n 2 } we have:
Indeed, remembering that
show that
An elementary computation of linear algebra allows us to get also
Y β E β be as in (1) . Hence:
which by Claim 1 is equal to 
P . From
P e −tC − P C e −tC = 0. For any constant matrix X we have d dt (e tX ) = Xe tX = e tX X, so we deduce that d dt (P e −tC ) = 0, hence P (t)e −tC = K, constant with det(K) = 0 and in conclusion P (t) = Ke tC , as predicted in (3). Finally we get (4), because any maximal geodesic is clearly defined on the entire real line. R e m a r k 2.1. As in Notations 2.1, let X =
field on GL n and let us denote by P = n 2 α=1 p α E α (it can be also viewed as a C ∞ -vector field on GL n ), then we have: X(P ) = X. Let us denote by GL n the Lie algebra of GL n . Let X 0 ∈ T In (GL n ) = M n . The unique left-invariant vector field X ∈ GL n , assuming the value X 0 at the identity, is the field X defined by X P = P X 0 for any P ∈ GL n . Then we get:
Indeed, taking into account the previous facts, we have: (X(Y )) P = P X 0 (P )Y 0 = P X 0 Y 0 . Now by these facts and by Theorem 2.1, if ∇ is the Levi-Civita connection of
for any X, Y ∈ GL n and any P ∈ GL n . This allows to state the following C o r o l l a r y 2.1. Let ∇ be the Levi-Civita connection of (GL n , g). Then
Hence ∇ is the Cartan-Schouten (0)-connection of GL n (see [6] p.148 and pp.549-550).
C o r o l l a r y 2.2. 1) The curve P (t) = Ke tC , C ∈ M n and K ∈ GL n , is the unique geodesic of (GL n , g) emaning from K with velocity KC at t = 0 and vice versa the unique geodesic of (GL n , g) emaning from K ∈ GL n with velocity S ∈ M n at t = 0 is:
0 K 1 has a real solution C, moreover the real solutions correspond bijectively to the geodesics of (GL n , g) starting from K 0 at t = 0 and passing through K 1 at t = 1.
3) If K is a positive definite symmetric real matrix and K 1 2 denotes its unique positive definite square root matrix and if S ∈ S n , then the unique geodesic emaning from K with velocity S at t = 0 is:
(see for instance [11] thm.3.5).
P r o o f. The first part of (1) follows by remarking that P (0) = K and . P (0) = KC is the velocity at t = 0. If K ∈ GL n and S ∈ M n the unique geodesic emaning from K with velocity S (for existence and uniqueness, remember for instance [12] p.68 lemma 22) can be only the above curve: this completes (1). To prove (2) , assume that such a geodesic arc, P (t), exists. By Theorem 2.1, P (t) = K 0 exp(tC) for some C ∈ M n and so K 1 = P (1) = K 0 exp(C). Hence we can conclude that exp(C) = K −1 0 K 1 . For the converse suppose that C is a real matrix with exp(C) = K −1 0 K 1 . By part (3) of Theorem 2.1, the curve P (t) = K 0 exp(tC) (the unique geodesic emaning from K 0 with velocity K 0 C at t = 0) passes through K 1 too, because
We conclude that distinct solutions C, C ′ of the previous exponential equation correspond to distinct geodesic arcs with prescribed endpoints: indeed the correspondig geodesic arcs have in K 0 velocities K 0 C and K 0 C ′ which must be distinct, otherwise C = C ′ . Finally by means of standard properties of exp we can write:
T h e o r e m 2.2. 
The positivity of this determinant is equivalent to say that K 0 , K 1 belong both to GL + n or to GL − n , which is of course obvious for the existence of a geodesic arc between them. Then the point (1) of the previous theorem points out that this fact is only necessary, but not sufficient, for the existence of a geodesic arc between K 0 and K 1 . When K 0 = I n , then K C o r o l l a r y 2.4. Let K 0 , K 1 be matrices both either in GL R e m a r k 2.3. Assume now that K 0 , K 1 ∈ GL n and that there is a unique geodesic arc joining them (remember Theorem 2.2). We want to write down explicitally this geodesic arc. Let J k (λ) = λI k + N k be the Jordan block of order k and eigenvalue λ with N k the upper-triangular matrix whose entry (i, j) is δ i+1,j . Standard computations (for instance on formal series of matrices) show that, if λ ∈ R, λ > 0, the unique real logarithm matrix of J k (λ) (i.e. the unique real solution of
where logλ is the real natural logarithm of λ. For any t ∈ R we have
and we set
Now let X ∈ GL n be a matrix such that
as soon as i = j. Then the unique real logarithm of X can be written as
For any t ∈ R we pose X t = exp(tLOG(X)) and so we get
Taking into account 2.2 we can state the following
P r o p o s i t i o n 2.1. If there is a unique geodesic arc joining
C o r o l l a r y 2.5. If there is a unique geodesic arc joining K 0 , K 1 ∈ GL n then any two distinct points on the geodesic, to which this arc belongs, are joined by a unique geodesic arc (and of course the geodesic, to which this new arc belongs, overlaps to the previous one).
P r o o f. From the previous proposition the unique geodesic arc joining
t . Now let P, Q be on the corresponding geodesic, i.e. P = K 0 (K
s for some r, s ∈ R, r = s. This gives
as soon as i = j (remember Remark 2.3), so we get P r o o f. We prove that for any K 1 , K 2 as above there is a nonsingular matrix Z that can be joined by a geodesic arc with both K 1 , K 2 . This fact, together with Theorem 2.2, allows to conclude. For any K 1 , K 2 ∈ GL + n we can consider their polar decompositions K 1 = O 1 P 1 , K 2 = P 2 O 2 with O 1 , O 2 special orthogonal real matrices and P 1 , P 2 positive definite real matrices. We denote Z = P 2 O 1 = O 1 P with P = O T 1 P 2 O 1 : note that also P is positive definite. We have K −1
and P are simultaneously diagonalizable under congruences and P −1 1 P is similar to a nonsingular diagonal real matrix with positive eigenvalues, hence by Corollary 2.3 there is a geodesic arc in (GL n , g), joining Z and K 1 . On the other hand K
The elements of SO n are similar to diagonal complex matrices in which, if a negative real eigenvalue appears, it is −1 and appears an even number of times, thus by Theorem 2.2 there is a geodesic arc in (GL n , g), joining Z and K 2 . Analogous arguments work, if K 1 , K 2 ∈ GL − n . Indeed now the polar decompositions are
, O 2 orthogonal real matrices with negative determinant and P 1 , P 2 positive definite real matrices. Again P is positive definite and K
3 -Curvature of (GL n , g) P r o p o s i t i o n 3.1. Let K ∈ GL n and X, Y, Z ∈ M n . 1) The Riemann curvature tensor of type (1, 3) 
2) The Riemann curvature tensor of type (0, 4) of GL n at K is
is the basis contructed in Notations 2.1, for
We can extend in a natural way X, Y, Z to C ∞ -vector fields with constant coefficients on GL n , we still call X, Y, Z. Then for any Q ∈ GL n we have
Interchanging X and Y we get another analogous formula. X, Y are vector fields with constant coefficients with respect to the coordinate fields E α , so, by Schwarz rule, we have [X, Y ] = 0; therefore at K we get:
This completes (1). We get (2) by standard computations remembering (1):
Finally we get (3) from (2), because
and it does not depend on the generators X, Y .
C o r o l l a r y 3.1. With the same notations as in Remark 2.1, if R is the Riemann curvature tensor of type (1, 3) of (GL n , g), then
for any X, Y, Z ∈ GL n , which can be written in the form
for any for any X, Y ∈ GL n (see for instance [6] p.99-100). R e m a r k 3.1. Let E ij , 1 ≤ i, j ≤ n be the matrix whose entries are zero everywhere except for the entry (i, j) which is 1. Easy computations show that at the point I = I n ∈ GL n an orthonormal basis for g I is
The vectors D i 's and S ij 's are space-like, while the vectors A ij 's are time-like.
Moreover (GL n , g) is a Semi-Riemannian manifold whose scalar curvature is constant and equal to S = − (n + 1)n(n − 1) 2 .
P r o o f. The formula on Ric(X, Y ) can be obtained by standard but long (and tedious) computations. Next we give shorter (and perhaps more elegant) arguments involving the Cartan-Killing form (for standard facts on it see for instance [6] p.131 and [5] ). In general Ric(X, Y ) is the trace of the map Z → R XZ Y , where we can suppose X, Y, Z left invariant. By Corollary 3.1 this trace is the trace of
where B is the Cartan-Killing form of GL n . Now it is known that B(X, Y ) = 2n tr(XY ) − 2 tr(X)tr(Y ) = 2n g(X, Y ) − 2 tr(X)tr(Y ) (see for instance [5] p.210).
More generally for any X, Y ∈ T K (GL n ) we get the expected formula for Ric K (X, Y ). Finally let S be the scalar curvature of (GL n , g), which is homogeneous, so S is constant, because it is invariant under isometries. Hence it suffices to compute it at the point I = I n . By Remark 3.1:
. But the first part of this proposition gives
for any 1 ≤ i < j ≤ n. Putting together the previous computations, we easily conclude the last statement too.
-The Semi-Riemannian manifold SL n (R)
R e m a r k 4.1. For any K ∈ SL n we have:
Recall the Jacobi's formula:
A (t)) for any t ∈ (a, b) where
Then if P = P (t) is a C ∞ -curve in SL n (hence det P (t) = 1 for any t), we get:
. P (t)) = 0 for any t. This allows to conclude. At the point I = I n ∈ SL ⊂ GL n the identity matrix I is a space-like vector, because g I (I, I) = tr(I) = n > 0, whose perpendicular space is Span(I) ⊥ = {W ∈ M n / g I (I, W ) = tr(W ) = 0} = T I (SL n ). Hence M n = Span(I) ⊕ Span(I) ⊥ = Span(I) ⊕ T I (SL n ). Given a point P ∈ SL n , we denote again with g P the restriction to T P (SL n ) × T P (SL n ) of the tensor g P defined on T P (GL n ) × T P (GL n ). P r o p o s i t i o n 4.1. (SL n , g) is a symmetric Semi-Riemannian submanifold of (GL n , g) with signature ( n(n + 1) 2 − 1,
It is homogeneous and among its isometries there are left and right translations
the transposition, the inversion ϕ and all their compositions, so in particular the symmetries
P r o o f. The metric g I is nondegenerate with signature (
. Now g I is nondegenerate on T I (GL n ), hence W = 0, therefore g I is nondegenerate on T I (SL n ) too. Moreover, M n = Span(I) ⊕ T I (SL n ) and I is a space-like vector in T I (GL n ) = M n , so we get that the index of positivity of g I on T I (SL n ) is equal to the analogous index on T I (GL n ) minus 1, hence the signature is ( n(n + 1) 2 − 1, n(n − 1) 2 ). Now, for P, Q ∈ SL n , the left translation L QP −1 is an isometry of (GL n , g) mapping P into Q. Now the restriction of L QP −1 to SL n maps SL n into itself, so this restriction (denoted again by L QP −1 ) is an isometry of (SL n , g), which is therefore homogeneous. We conclude the analogous results on (GL n , g) proved above.
P r o p o s i t i o n 4.2. (SL n , g) is a totally geodesic Semi-Riemannian submanifold of (GL n , g).
The geodesics of (SL n , g) are precisely the curves of the type:
with det(K) = 1 and tr(C) = 0 and (SL n , g) is geodesically complete.
P r o o f. As usual let ∇ be the Levi-Civita connection of (GL n , g) and let X, Y be vector fields, which are tangent to the submanifold SL n . So, by Remark 4.1, for any P ∈ SL n : tr(P −1 X P ) = tr(P −1 Y P ) = 0. The first part of the proposition follows from the fact that (∇ X Y ) P ∈ T P (SL n ), i.e. again by Remark 4.1 from the fact that tr(P −1 (∇ X Y ) P ) = 0 for any P ∈ SL n .
By Theorem 2.1 we have:
Now we have tr(P −1 Y P ) = 0 for any P ∈ SL n , so:
Hence:
)} = 0 for any P ∈ SL n and so (SL n , g) is a totally geodesic submanifold. Let us denote again by ∇ the Levi-Civita connection of (SL n , g), from the first part of this proposition we get that the expression of ∇ is formally similar to the expression of the Levi-Civita connection on GL n , hence the same holds for the Riemann tensors and, analogously to Theorem 2.1, the equation of geodesics in SL n is the same and the geodesics are the curves of the predicted type. Cartan-Killing form on the Lie algebra of SL n and that this is equal to 2n g(X, Y ) (see for instance [5] p. 210) and so we get the expected formula for Ric. Therefore (SL n , g) is an Einstein manifold (i.e. Ric is a multiple of g) with Ric = − n 2 g. Hence:
T h e o r e m 4.1. GL n = ∪ c =0 SL n (c) is a foliation of GL n , whose leaves are totally geodesic Semi-Riemannian submanifolds with respect to the metric g of GL n .
The leaves are Einstein, symmetric, geodesically complete, mutually isometric
Semi-Riemannian hypersurfaces with signature ( n(n + 1) 2 − 1, n(n − 1) 2 ) and with scalar curvature S = − (n − 1)n(n + 1) 2 .
A curve P = P (t) is a geodesic of (SL n (c), g) if and only if P (t) = Ke tC with det(K) = c, tr(C) = 0. P r o o f. For any P ∈ SL n (c) let us denote again by g P the restriction to T P (SL n (c)) of the metric tensor g and let P 0 be a fixed point of SL n (c) (hence det(P 0 ) = c). Then the left translation L P0 : (GL n , g) → (GL n , g) in an isometry, mapping SL n onto SL n (c). Hence the restriction of L P0 is an isometry of (SL n , g) onto (SL n (c), g). Moreover, L P0 in an isometry of (GL n , g), so it transforms totally geodesic Semi-Riemannian submanifolds into totally geodesic Semi-Riemannian submanifolds and this allows to conclude about SL n (c) . Finally for geodesics we can argue as in Proposition 4.2.
T h e o r e m 4.2. The manifold (GL + n , g), with GL + n = {A ∈ GL n / det(A) > 0}, is an open Semi-Riemannian submanifold of (GL n , g), isometric to the SemiRiemannian product manifold (SL n × R, g × h) where h = dx 2 is the euclidean metric on R.
P r o o f. Note that at any x ∈ R, h x (a, a ′ ) = aa ′ for every (tangent vectors) a, a ′ ∈ R and that: (g × h) (P,x) ((V, a), (V ′ , a ′ )) = g P (V, V ′ ) + h x (a, a ′ ) = tr(P −1 V P −1 V ′ ) + aa ′ for any P ∈ SL n , x ∈ R, V, V ′ ∈ T P (SL n ) (i.e. tr(P −1 V ) = tr(P −1 V ′ ) = 0, V, V ′ ∈ M n ), a, a ′ ∈ T x R = R. We prove that F : (SL n × R, g × h) → (GL + n , g), defined by F (P, x) = e x √ n P , is an isometry. Indeed F is of class C ∞ with inverse F −1 : GL + n → SL n × R defined by F −1 (Q) = ( Q n det(Q) , log(det(Q)) √ n ), for any matrix Q with positive determinant ("log" denotes the natural logarithm).
We easily get (DF (P,x) )(M, a) = e x √ n M + e x √ n √ n aP for any P ∈ SL n , x ∈ R, a ∈ T x (R), M ∈ T P (SL n ) (i.e. for any M ∈ M n such that tr(P −1 M ) = 0). So, if tr(P −1 M ) = tr(P −1 M ′ ) = 0, we obtain:
for any M, M ′ ∈ T P (SL n ) and a, a ′ ∈ T x (R) = R. This means that F is an isometry between (SL n × R, g × h) and (GL + n , g).
A c k n o w l e d g m e n t s.
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